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We analyze the existence of (eventually no past) exponential and
ordinary dichotomies of an exponentially bounded, strongly con-
tinuous cocycle {Φ(θ, t)}θ∈Θ, t∈R+ over a continuous semiﬂow σ .
Our main tool is the (Lp(R+, X), Lq(R+, X))-admissibility condi-
tion (i.e. there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that for
each input f ∈ Lp(R+, X) and θ ∈ Θ , there exists x ∈ X such that
the output
u(·; θ, x, f ) :R+ → X,
u(t; θ, x, f ) = Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds
belongs to Lq(R+, X)). We prove that the above admissibility con-
dition implies that the output is bounded above by the input but
nonuniformly with respect to θ . Requiring that the boundedness
to be uniform with respect to θ , we prove that the above admis-
sibility condition assures the existence of a no past exponential
dichotomy for {Φ(θ, t)}θ∈Θ, t∈R+ . Variants for ordinary dichotomy
and also complete characterizations for the exponential dichotomy
of cocycles are obtained. It is worth to note that we involve a con-
cept of a “no past” exponential dichotomy for cocycles weaker than
the well-known concept deﬁned by Sacker and Sell (1994) [33].
Our deﬁnition of exponential dichotomy follows partially the def-
inition given in Chow and Leiva (1996) [2] in the sense that we
allow the unstable subspace to have inﬁnite dimension. The main
difference is that we do not assume a priori that the cocycle is in-
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that the unstable space is invariant under the cocycle). Thus we
generalize some known results due to Perron (1930) [23], Daleckij
and Krein (1974) [6], Massera and Schäffer (1966) [14], Nguyen van
Minh, Räbiger and R. Schnaubelt (1998) [18].
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The presence of continuous cocycles on attractors of dissipative partial differential equations, in
particular the Navier–Stokes equation, has spurred development of the inﬁnite-dimensional analogues
of the well-known results of Mather [15], Oseledets [20], Perron [23], Sacker and Sell [31], and oth-
ers (see the historical account in [1]). New implementations of the theory in ideal ﬂuid dynamics
open new questions that require among others new ways to detect the existence of exponential di-
chotomies. It is well known that the concept of exponential dichotomy of linear differential equations
was rigorously formulated by O. Perron in 1930, which was concerned with the problem of conditional
stability of a system x˙(t) = A(t)x(t) and its connection with the existence of bounded solutions of the
equation x˙(t) = A(t)x(t)+ f (x, t), where the state space is a Banach space X and t → A(t) :R→ B(X)
is bounded, continuous in the strong operator topology. It is worth to mention that relevant inputs
to these problems are given by Massera and Schäffer [14], Daleckij and Krein [6], Levinson [9], Cop-
pel [5], Sacker and Sell [32] and Palmer [21]. The need for a new approach arose from the fact that for
a time-dependent linear differential equation with unbounded operator A(t), the solutions, generally
speaking, either cannot be extended in the direction of the negative times, or can be extended, but
not uniquely. For example, for parabolic partial differential equations many authors have studied these
problems, including Henry [8], Xiao-Biao Lin [11] and J.K. Hale [7]. For the case of functional differ-
ential equations we can see the work done by X.B. Lin [10]. All the problems above can be treated in
the uniﬁed setting of a linear skew-product semiﬂow (LSPS). In [33] R.J. Sacker and G.R. Sell involve
a concept of exponential dichotomy for skew-product semiﬂow with the restriction that the unstable
subspace has ﬁnite dimension, and they give a suﬃcient condition for the existence of exponential
dichotomy for skew-product semiﬂow. This concept is also used by Magalhaes in [16]. In this work
we employ a concept of exponential dichotomy for skew-product semiﬂows weaker than the concept
used by Sacker and Sell and Magalhaes; our deﬁnition (of no past exponential dichotomy) follows
partially the deﬁnition given by Chow and Leiva (see [2]) in the sense that we allow the unstable
subspace to have inﬁnite dimension. We go even more general and we do not assume a priori that
the cocycle is invertible on the unstable space (actually we do not even assume that the unstable
subspace is invariant under the cocycle).
The other main concept involved in our paper is the so-called (Lp(R+, X), Lq(R+, X))-admissibility
condition (for an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t∈R+ over a contin-
uous semiﬂow σ ), i.e. there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that for each input f ∈ Lp(R+, X)
and θ ∈ Θ , there exists x ∈ X , such that the output
u(·; θ, x, f ) :R+ → X, u(t; θ, x, f ) = Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds
belongs to Lq(R+, X). We prove that the above admissibility condition implies that the output is
bounded above by the input but nonuniformly with respect to θ . Requiring that the boundedness to
be uniform with respect to θ , we succeed to show that the above admissibility condition assures the
existence of a (no past) exponential dichotomy for {Φ(θ, t)}θ∈Θ, t∈R+ . Variants for ordinary dichotomy
and also complete characterizations for the exponential dichotomy of cocycles are obtained.
2. Preliminaries
We will use the symbol R+ to denote the set {t ∈R: t  0}. Also, let X be real or complex Banach
space. By M(R+, X) we will denote the space of all strongly measurable functions from R+ to X .
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space X . The norms on X , B(X) will be denoted by the symbol ‖ · ‖.
As usual, we put
Cb(R
+, X) = { f :R+ → X: f is continuous and bounded};
Lploc(R+, X) =
{
f ∈ M(R+, X):
∫
K
∥∥ f (t)∥∥p dt < ∞, for each compact K from R+
}
,
where p ∈ [1,∞);
Lp(R+, X) =
{
f ∈ M(R+, X):
∫
R+
∥∥ f (t)∥∥p dt < ∞}, where p ∈ [1,∞);
L∞(R+, X) =
{
f ∈ M(R+, X): ess sup
t∈R+
∥∥ f (t)∥∥< ∞}.
It is well known that Cb(R+, X), Lp(R+, X), L∞(R+, X),Mp(R+, X), T (R+, X) are Banach spaces
endowed with the respectively norms:
||| f ||| = sup
t∈R+
∣∣ f (t)∣∣;
‖ f ‖p =
( ∫
R+
∥∥ f (t)∥∥p dt)
1
p
;
‖ f ‖∞ = ess sup
t∈R+
∥∥ f (t)∥∥.
3. Linear skew-product semiﬂows (LSPS)
Consider now the trivial Banach bundle E = X × Θ, where X is a ﬁxed Banach space (the state
space) and Θ is a metric space (the base space). For details of Banach bundles we refer to [34, Chap-
ter 4].
Deﬁnition 3.1. A (nonlinear) semiﬂow σ : Θ ×R+ → Θ is deﬁned by the properties:
i) σ(θ,0) = θ , for all θ ∈ Θ;
ii) σ(θ, t + s) = σ(σ (θ, s), t), for all θ ∈ Θ and t, s ∈R+ .
If in addition (θ, t) → σ(θ, t) is continuous, then σ is called a continuous (nonlinear) semiﬂow
on Θ .
Also, if ii) holds for any t, s ∈R then σ is said to be a (nonlinear) ﬂow on Θ .
We will state below the basic deﬁnitions concerning cocycles, linear skew-product (semi)ﬂows,
and dichotomy. Before to proceed to the formal deﬁnitions, let us recall the prototypical example
of a linear skew-product ﬂow; namely, the skew-product ﬂow associated with the solutions of a
nonautonomous differential equation u˙ = A(t)u on a Banach space X . For this case, consider the
translation ﬂow σ(θ, t) = θ + t on R and the trivial bundle X × R over R. A linear skew-product
ﬂow on X ×R is deﬁned by (u0, θ, t) → (u(u0, θ, t), θ + t) where t → u(u0, θ, t) is the solution of the
differential equation with the initial condition u(u0, θ, θ) = u0. To avoid technical complications for
the general case, we will deﬁne the notion of a cocycle and a linear skew-product (semi)ﬂow in the
setting of a trivial vector bundle. It is worth to mention that the theory is valid for general vector
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of this section are local. They can always be carried out in a natural vector bundle chart.
Deﬁnition 3.2. Let σ be a (nonlinear) continuous semiﬂow on Θ . A strongly continuous cocycle over
the continuous semiﬂow σ is an operator-valued function
Φ : Θ ×R+ → B(X), (θ, t) → Φ(θ, t),
that satisﬁes the following properties:
i) Φ(θ,0) = I (I – the identity operator in X ), for all θ ∈ Θ, t ∈R+;
ii) Φ(θ, ·)x is continuous for each θ ∈ Θ, x ∈ X ;
iii) Φ(θ, t + s) = Φ(σ (θ, t), s)Φ(θ, t), for all t, s 0 and θ ∈ Θ (the cocycle identity);
iv) if, in addition, there exist constants M,ω such that
∥∥Φ(θ, t)∥∥ Meωt, for t  0, θ ∈ Θ,
then the strongly continuous cocycle is exponentially bounded.
The linear skew-product semiﬂow (LSPS), associated with the above cocycle, is the dynamical sys-
tem π = (Φ,σ ) on E = X ×Θ deﬁned by
π : X ×Θ ×R+ → X ×Θ, (x, θ, t) → π(x, θ, t) =
(
Φ(θ, t)x,σ (θ, t)
)
.
Remark 3.1. Note that the operators in a strongly continuous cocycle are not assumed to be invertible.
For this reason, the cocycle is parameterized by t  0, but not by t ∈R. By the Uniform Boundedness
Principle, if the base space Θ is compact, then a strongly continuous cocycle is exponentially bounded.
Example 3.1. The classic example of a cocycle arises as the solution operator for a variational equa-
tion. Take σ to be a continuous ﬂow on the locally compact metric space Θ, and {A(θ): θ ∈ Θ} be
a family of (possibly unbounded) densely deﬁned closed operators on the Banach space X . A strongly
continuous cocycle Φ(·, t)x is said to solve the variational equation
u˙(t) = A(σ(θ, t))u(t), θ ∈ Θ, t ∈R, (1)
if, for every θ ∈ Θ, we can ﬁnd a dense subset Zθ ⊂ D(A(θ)) such that, for every uθ ∈ Zθ ⊂ D(A(θ)),
the function
t → Φ(θ, t)uθ
is differentiable (for t  0) and the values u(t) ∈ D(A(σ (θ, t))), and t → u(t) veriﬁes the above dif-
ferential equation. More restrictive deﬁnition can be given if we impose that Zθ = D(A(θ)) or even
Zθ = D(A(θ)) = D; that is, Zθ is independent of θ . Characterizations of (exponential, discrete, point-
wise) dichotomy for the solutions of the above variational systems were obtained through various
techniques. For a complete presentation of these results we refer the reader to [1, Chapter 7].
Differential equations of type (1) arise from two reach (and essential) sources that we describe
below. First, consider a nonlinear differential equation on X :
x˙ = F (x), (2)
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the solution t → x(θ, t), with x(θ,0) = θ , has its values in Θ, for each t ∈ R, whenever the initial
point θ ∈ Θ). Then the family of functions {σ(·, t) : θ → x(θ, t), t ∈R} describes a ﬂow on Θ . If θ ∈ Θ
then for any other initial condition u0 ∈ X , the difference u(t) = x(u0, t)− x(θ, t) is such that
u˙(t) = DF (x(θ, t))u(t) + η(u, x), ∣∣η(u, x)∣∣= o(u), |u| → 0.
Then the differential equation (1) with A(θ) = DF (θ), called the variational equation, determines
the linearized ﬂow of x˙ = F (x). It is worth to note that, in an inﬁnite-dimensional context, the oper-
ators A(θ) could be unbounded.
Second, deﬁne the hull of a continuous function f : R→ B(X) to be the set of operator-valued
functions, given below:
Hull( f ) = closure{ f (· + τ ): τ ∈R}.
Under appropriate assumptions, the set Θ := Hull( f ) may be a compact set of operator-valued
functions on R. For example, if f : R → B(Rn) is almost-periodic and the closure is taken in the
topology of uniform convergence on compact subsets of R, then, by Bochner’s Theorem, Θ is com-
pact in the space of continuous matrix-valued functions. Consider now the ﬂow (on Θ) given by
σ(θ, t)(s) = θ(s + t), with t, s ∈R. If we put also A(θ) = θ(0) ∈ B(X), then we get in (1) all differen-
tial equations of the form u˙ = θ(t)u, where the function θ is in the hull of f .
The next example shows how a cocycle arises from the linearization of a nonlinear partial differ-
ential equation. We will sketch extremely brieﬂy the case of the linearized Navier–Stokes equation.
Example 3.2. Consider the Navier–Stokes equations
∂v
∂t
= νv− 〈v,∇〉v− gradp+ g, divv= 0
on a bounded domain Ω ⊂ R2 with zero boundary conditions. As usual, v : Ω → R2 denotes the
velocity of an incompressible ﬂuid, ν measures the viscosity of the ﬂuid, p : Ω → R represents the
pressure, and the function g : R × Ω → R2 is a time-dependent forcing term. Take the orthogonal
decomposition L2(Ω;R2) = X ⊕ Hπ , with X being the closure in L2(Ω;R2) of the C∞ divergence-
free (∇ ·v = 0) vector ﬁelds with compact support in Ω, and Hπ being the closure in L2(Ω;R2) of the
gradients ∇p of all p ∈ C1(Ω;R), see for instance Constantin and Foias [4]. Let P : L2(Ω;R2) → X be
the corresponding orthogonal projection, and deﬁne A = P, B(v,u) = −P 〈v,∇〉u, and f = P g . Thus,
see for instance Temam [35], the Navier–Stokes equation can be rewritten as an abstract equation on
the Hilbert space X :
dv
dt
= νAv+ B(v,v) + f , v(0) = v0. (3)
The operator A with D(A) = X ∩ H2(Ω;R2) is a negative operator, and thus it generates an analytic
semigroup on X (see for instance [35]). Deﬁne now V = D((−A) 12 ). Suppose that the function F ,
deﬁned by F (t) = f (t,·), t ∈R, is in Cb(R; X). Furthermore, suppose that the positive hull of F ,
H+(F ) = closureCb(R;X)
{
Fτ = F (· + τ ): τ ∈R+
}
is a compact subset of Cb(R; X). Therefore, we have that the omega-limit set ω(F ) =⋂τ0 H+(Fτ )
is nonempty and compact. Moreover, we can ﬁnd a global compact attractor Θ ⊂ D(A) × ω(F ) for
the semiﬂow generated by the strong solutions of the abstract equation (3). For details we refer the
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under the ﬂow σ deﬁned by
(v, f ) → θτ = (vτ , fτ ), τ ∈R,
where fτ (t,·) = f (t + τ , ·) and vτ (t,·) = v(t + τ , ·) for the strong solution v(t,·) of Eq. (3). If θ =
(v0, f ) ∈ Θ and v(t) = v(t; f ,v0), t  0, is the corresponding strong solution of Eq. (3), then
v(·; f ,v0) ∈ C
([0,∞); V )∩ L∞((0,∞); V )∩ L∞loc((0,∞); D(A)).
For details we refer the reader to [4]. The linearized Navier–Stokes equation along the solution v is
given by
dx
dt
= νAx+ B(v(t), x)+ B(x,v(t)), x(0) = x0 ∈ X . (4)
Accordingly to [33], we have that if x0 ∈ V , then there is a unique strong solution x(t) = Φ(θ, t)x0
of the linearized equation (4) such that
x(·) ∈ C([0,∞); V )∩ L∞loc((0,∞); D(A)), xt(·) ∈ L2loc((0,∞); X),
where Φ(θ, t) is the solution operator of (4). Clearly Φ is a cocycle over the ﬂow σ on Θ. Also,
for the study of exponential dichotomies for the Navier–Stokes equations we refer the reader to [24]
and [25].
Example 3.3. Let X be a Banach space and Θ a compact topological Hausdorff space. Consider the
following linear dependent system
x˙(t) = A(σ(θ, t))x(t), t > 0, (5)
where A(σ (θ, t)) = A + B(σ (θ, t)). A is the inﬁnitesimal generator of the strongly continuous semi-
group {T (t)}t0 and σ is a ﬂow on Θ and B(θ) ∈ B(X), θ ∈ Θ. For a general presentation of the
theory of one-parameter semigroups we refer the reader to [17] or [22]. To be precise in which sense
the above equation generates a linear skew-product semiﬂow, we shall consider the following family
of integral differential equations:
x(t) = T (t)x0 +
t∫
0
T (t − s)B(σ(θ, s))x(s)ds, t  0, θ ∈ Θ. (6)
A solution x(t) = x(t, θ) of Eq. (6) is called a mild solution of (5).
Chow and Leiva established in [3] that if A is the inﬁnitesimal generator of the C0-semigroup
{T (t)}t0 on X and if B : Θ → B(X) is also strongly continuous, then for each θ ∈ Θ and x0 ∈ X the
problem
x˙(t) = A(σ(θ, t))x(t) = (A + B(σ(θ, t)))x(t); x(0) = x0
has a unique mild solution given by
Φ(θ, t)x0 = T (t)x0 +
t∫
T (t − s)B(σ(θ, s))Φ(θ, s)x0 ds.0
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the mapping θ → A(θ)− A0 : Θ → B(X) is strongly continuous and the equation x˙(t) = A(σ (θ, t))x(t)
has an exponential dichotomy over Θ then there exists  > 0 such that for any mapping θ → B(θ) :
Θ → B(X) strongly continuous and ‖B(θ)‖ < , θ ∈ Θ , the equation
x˙(t) = (A(σ(θ, t))+ B(σ(θ, t)))x(t)
has also exponential dichotomy. For details we refer the reader to [3].
Deﬁnition 3.3. A family of linear and bounded operators {U (t, t0)}tt00 is said to be a two-parameter
evolution family if the following conditions hold:
i) U (t, t) = I, for all t  0;
ii) U (t, s)U (s, t0) = U (t, t0), for all t  s t0  0;
iii) U (·, t0)x is continuous on [t0,∞), for all t0  0, x ∈ X ; U (t,·)x is continuous on [0, t], for all
t  0, x ∈ X ;
iv) there exist M,ω > 0 such that
∥∥U (t, t0)∥∥ Meω(t−t0), for all t  t0  0.
For a general presentation of the theory of two-parameter evolution families we refer the reader
to [1] or [6].
Example 3.4. Let Θ = R+, σ (θ, t) = θ + t and let {U (t, s)}ts be an evolution family on the Banach
space X . We deﬁne
ΦU (θ, t) = U (t + θ, θ), for all (θ, t) ∈R+ ×R+.
Then {ΦU (θ, t)}θ∈Θ, t0 is an exponentially bounded, strongly continuous cocycle (over the above
semiﬂow σ ). Therefore, we can say that the notion of a cocycle generalizes the classic notion of a
two-parameter evolution family. An account of the results concerning the analysis of the exponential
dichotomy for evolution families is given in [1, Chapter 4].
4. (No past) exponential dichotomy and admissibility
Let now {Φ(θ, t)}θ∈Θ, t0 be an exponentially bounded, strongly continuous cocycle (over a semi-
ﬂow {σ(θ, t)}θ∈Θ, t0) and π = (Φ,σ ) be the associated linear skew-product semiﬂow on E . Since
E = X ×Θ is a trivial Banach bundle (see for instance [3, Remark 2.1] and [34, Chapter 4]), we deﬁne
for any subset X ⊂ E the ﬁbers
X (θ) = {x ∈ X: (x, θ) ∈ X}, θ ∈ Θ.
In particular E(θ) = X .
Now we denote by
X q1 =
{
(x, θ) ∈ E: Φ(θ, ·)x ∈ Lq(R+, X)
}
, q ∈ [1,∞].
The corresponding ﬁber is X q1 (θ) = {x ∈ X: (x, θ) ∈ X q1 }, θ ∈ Θ.
It can be seen that X q1 (θ) is a vector subspace of X . In what follows X q1 (θ) will be assumed complemented
(i.e. X q1 (θ) is closed and there exists X q2 (θ) a closed subspace such that X = X q1 (θ) ⊕ X q2 (θ)). Also
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2 = Pq1(θ) and
Ker(Pq1(θ)) = X q2 (θ)) and by Pq2(θ) = I − Pq1(θ).
Remark 4.1. If x ∈ X q2 (θ), x = 0 then Φ(θ, t)x = 0, for all t  0, θ ∈ Θ.
Proof. Assume for a contradiction that there exist t0  0 and θ0 ∈ Θ such that Φ(θ0, t0)x = 0. Then
Φ(θ0, t0 + s)x = Φ
(
σ(θ0, s), s
)
Φ(θ0, t0)x = 0,
for each s 0. It follows that x ∈ X q1 (θ0) and thus x = 0. 
Deﬁnition 4.1. The pair (Lp(R+, X), Lq(R+, X)) is said to be admissible to an exponentially bounded,
strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) if for each f ∈
Lp(R+, X) and θ ∈ Θ , there exists x ∈ X such that
u(·; θ, x, f ) :R+ → X, u(t; θ, x, f ) = Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds
belongs to Lq(R+, X).
Deﬁnition 4.2. An exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semi-
ﬂow {σ(θ, t)}θ∈Θ, t0) has an exponential dichotomy if there exists a family of projectors {P1(θ)}θ∈Θ
(i.e. P1(θ) ∈ B(X), and P21(θ) = P1(θ), for each θ ∈ Θ) such that
i) Φ(θ, t)P1(θ) = P1(σ (θ, t))Φ(θ, t), for all (θ, t) ∈ Θ ×R+ (the invariance property);
ii) Φ(θ, t) : Ker P1(θ) → Ker P1(σ (θ, t)) is an isomorphism, for each (θ, t) ∈ Θ ×R+;
iii) there exist constants N, ν > 0, such that
• ‖Φ(θ, t)P1(θ)x‖ Ne−νt‖P1(θ)x‖, (θ, t) ∈ Θ ×R+ and x ∈ X;
• ‖Φ−1(θ, t)P2(σ (θ, t))x‖ 1N e−νt‖P2(σ (θ, t))x‖, (θ, t) ∈ Θ ×R+ and x ∈ X .
The following deﬁnition of exponential dichotomy for an exponentially bounded, strongly continu-
ous cocycle (over a semiﬂow) is weaker than Deﬁnition 4.2.
Deﬁnition 4.3. An exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semi-
ﬂow {σ(θ, t)}θ∈Θ, t0) has a no past exponential dichotomy if there exist a family of projectors
{P1(θ)}θ∈Θ and the constants N1,N2, ν1, ν2 > 0 such that the following conditions hold:
i) ‖Φ(θ, t)x‖ N1e−ν1t‖x‖, for all t  0, θ ∈ Θ and x ∈ Im P1(θ);
ii) ‖Φ(θ, t)x‖ N2eν2t‖x‖, for all t  0, θ ∈ Θ and x ∈ Ker P1(θ).
Remark 4.2. As it is known, exponential dichotomy means that X can be decomposed, at every θ ∈ Θ ,
as a direct sum between two subspaces such that solutions (of the variational equation (1)) starting
in the ﬁrst subspace (respectively, in the second one) decay exponentially in forward time (respec-
tively, in backward time). Assuming the existence of an exponential dichotomy we practically force the
solutions that start in the second subspace to exist for negative time. However there are situations
which require to drop off this requirement and to replace the exponential decay in negative time for
the solutions starting in the second subspace with an exponential blow-up in positive time (we called
ad hoc this behavior as a no past exponential dichotomy).
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no past exponential dichotomy. However, for inﬁnite-dimensional subspaces Im P2(θ), the inequality
ii) of Deﬁnition 4.3 does not imply the second inequality in condition iii) of Deﬁnition 4.2. Assum-
ing dim Im P2(θ) < ∞ (and condition i) in Deﬁnition 4.2) we get an equivalence between the two
deﬁnitions.
Remark 4.4. In most of the papers on the subject of exponential dichotomy of cocycles it is inserted
from technical reasons (in the deﬁnition of exponential dichotomy) the condition that the projector-
valued function (from Deﬁnitions 4.2 and 4.3) to be strongly continuous (i.e. P1(·)x is continuous
for each x ∈ X ). For details we refer the reader to [13]. Excepting the last two results, Theorem 4.5
and Theorem 4.6, where the above condition is stated explicitly, we do not need to impose this
condition in our approach so we removed it from both deﬁnitions (exponential dichotomy and no
past exponential dichotomy) putting the two deﬁnitions in a less restrictive setting.
Lemma 4.1. Let h :R+ →R+ be a function with the property that there exist H > 0, δ > 0, η > 1 such that:
i) h(t) Hh(t0), for all t ∈ [t0, t0 + δ], t0  0;
ii) h(t0 + δ) ηh(t0), for all t0  0.
Then there exist two constants N, ν > 0 such that
h(t) Neν(t−t0)h(t0), for all t  t0  0.
Proof. See [14, 20C, p. 39]. 
Lemma 4.2. Let h : R+ → R+ be a function with the property that there exist H > 0, δ > 0, η ∈ (0,1) such
that:
i) h(t) Hh(t0), for all t ∈ [t0, t0 + δ], t0  0;
ii) h(t0 + δ) ηh(t0), for all t0  0.
Then there exist two constants N, ν > 0 such that
h(t) Neν(t−t0)h(t0), for all t  t0  0.
Proof. It follows analogously with the above lemma. 
Proposition 4.1. If (Lp(R+, X), Lq(R+, X)) is admissible to a exponentially bounded, strongly continuous
cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) then for every f ∈ Lp(R+, X) and θ ∈ Θ there
is a unique x2 ∈ X q2 (θ) such that u(·; θ, x2, f ) ∈ Lq(R+, X).
Proof. Let f ∈ Lp(R+, X). Since (Lp(R+, X), Lq(R+, X)) is admissible to {Φ(θ, t)}θ∈Θ, t0 it follows
that there exists x ∈ X such that
u(·; θ, x, f ) :R+ → X, u(t; θ, x, f ) = Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds
belongs to Lq(R+, X), for each θ ∈ Θ . Denoting by v(t; θ, x) = Φ(θ, t)Pq1(θ)x and z(t; θ, x, f ) =
u(t; θ, x, f ) − v(t; θ, x) we have that z(·; θ, x, f ) ∈ Lq(R+, X) with
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t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds.
The uniqueness follows easily using a simple proof by contradiction. 
Given f ∈ Lp(R+, X) we will denote, throughout of this paper, the unique vector x2 ∈ X q2 (θ) by x f .
Proposition 4.2. If (Lp(R+, X), Lq(R+, X)) is admissible to an exponentially bounded, strongly continuous
cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) then for each θ ∈ Θ there exists K (θ) > 0 such
that
∥∥u(·; θ, x f , f )∥∥q  K (θ)‖ f ‖p
and
‖x f ‖ K (θ)‖ f ‖p .
Proof. Let θ ∈ Θ. We deﬁne
Uθ : Lp(R+, X) → X q2 (θ) ⊕ Lq(R+, X), Uθ ( f ) =
(
x f ,u(·; θ, x f , f )
)
.
It is obvious that Uθ is a linear operator. We will show that Uθ is also closed. Let { fn}n∈N ⊂ Lp(R+, X),
f ∈ Lp(R+, X), g ∈ Lq(R+, X) such that
fn
Lp(R+,X)−−−−−−→ f , (Uθ ( fn))n X
q
2 (θ)⊕Lq(R+,X)−−−−−−−−−−→ (y, g).
Then
lim
n→∞‖ fn − f ‖p = limn→∞‖x fn − y‖ = limn→∞
∥∥u(·; θ, x fn , fn) − g∥∥q = 0.
Taking into account that
∥∥∥∥∥
t∫
0
Φ
(
σ(θ, s), t − s)( fn(s) − f (s))ds
∥∥∥∥∥ Meωt
t∫
0
∥∥ fn(s) − f (s)∥∥ds
 Meωtt1−
1
p ‖ fn − f ‖p,
we have that
lim
n→∞
t∫
0
Φ
(
σ(θ, s), t − s) fn(s)ds =
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds.
Since fn
Lp(R+,X)−−−−−−→ f , we have that there exists a subsequence ( fnk ) ⊂ ( fn) such that fnk → f a.e.
Taking into account that
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t∫
0
Φ
(
σ(θ, s), t − s) fnk (s)ds,
we have that
g(t) = Φ(θ, t)y +
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds.
This proves that u(·; θ, x f , f ) = g and x f = y. Thus Uθ is a closed linear operator and by the Closed-
Graph Theorem it is also bounded. It follows that there exists K (θ) > 0 such that
∥∥u(·; θ, x f , f )∥∥q  K (θ)‖ f ‖p
and
‖x f ‖ K (θ)‖ f ‖p . 
Deﬁnition 4.4. (Lp(R+, X), Lq(R+, X)) is said to be uniformly admissible to the exponentially bound-
ed, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) if supθ∈Θ K (θ) =
K < ∞.
Theorem 4.1. If there exist p,q ∈ [1,∞] such that the pair (Lp(R+, X), Lq(R+, X)) is uniformly admissible to
an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0)
then always the pair (Lp(R+, X), L∞(R+, X)) is uniformly admissible to {Φ(θ, t)}θ∈Θ, t0 .
Proof. If we choose randomly f ∈ Lp(R+, X) we have that
u(t; θ, x f , f ) = Φ(θ, t)x f +
t∫
0
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
= Φ(σ(θ, s), t− s)Φ(θ, s)x f +
s∫
0
Φ
(
σ
(
σ(θ, τ ), s − τ ), t− s)Φ(σ(θ, τ ), s− τ ) f (τ )dτ
+
t∫
s
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
= Φ(σ(θ, s), t − s)
(
Φ(θ, s)x f +
s∫
0
Φ
(
σ(θ, τ ), s − τ ) f (τ )dτ
)
+
t∫
s
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
= Φ(σ(θ, s), t − s)u(s; θ, x f , f ) +
t∫
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ ,s
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∥∥u(t; θ, x f , f )∥∥ Meω∥∥u(s, θ, x f , f )∥∥+ Meω
t∫
t−1
∥∥ f (τ )∥∥dτ
 Meω
∥∥u(s, θ, x f , f )∥∥+ Meω‖ f ‖p .
By integrating on [t − 1, t] and applying Proposition 4.2 we obtain that
∥∥u(t; θ, x f , f )∥∥ Meω
t∫
t−1
∥∥u(s; θ, x f , f )∥∥ds + Meω‖ f ‖p
 Meω
∥∥u(·; θ, x f , f )∥∥q + Meω‖ f ‖p
 Meω(K + 1)‖ f ‖p,
for all t  1. Choosing now t ∈ [0,1) we have that
∥∥u(t; θ, x f , f )∥∥=
∥∥∥∥∥Φ(θ, t)x f +
t∫
0
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
∥∥∥∥∥
 Meω‖x f ‖ + Meω
1∫
0
∥∥ f (τ )∥∥dτ
 Meω
(‖x f ‖ + ‖ f ‖p) Meω(K + 1)‖ f ‖p.
Therefore u(·; θ, x f , f ) ∈ L∞(R+, X) and
∥∥u(t; θ, x f , f )∥∥ Meω(K + 1)‖ f ‖p, for all t  0. (∗)
This ends the proof. 
Theorem 4.2. If there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that the pair (Lp(R+, X), Lq(R+, X)) is uni-
formly admissible to an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow
{σ(θ, t)}θ∈Θ, t0) then {Φ(θ, t)}θ∈Θ, t0 has a no past exponential dichotomy.
Proof. Let t0  0, x ∈ X q2 (θ), x = 0, and
f (t) = ϕ[t0,t0+1](t)
Φ(θ, t)x
‖Φ(θ, t)x‖ , t  0,
where ϕ[a,b] denotes the characteristic function (indicator) of some interval [a,b]. Since ‖ f (t)‖ =
ϕ[t0,t0+1](t), for all t  0, it follows that f ∈ Lp(R+, X) and ‖ f ‖p = 1. We denote by
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∞∫
t
ϕ[t0,t0+1](s)
ds
‖Φ(θ, s)x‖Φ(θ, t)x
= Φ(θ, t)
(
−
∞∫
0
ϕ[t0,t0+1](s)
ds
‖Φ(θ, s)x‖ x
)
+
t∫
0
Φ
(
σ(θ, s), t − s) f (s)ds
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
0, t > t0 + 1,
−
t0+1∫
t
ds
‖Φ(θ, s)x‖Φ(θ, t)x, t0 < t  t0 + 1,
−
t0+1∫
t0
ds
‖Φ(θ, s)x‖Φ(θ, t)x, 0 t  t0.
By applying Theorem 4.1 we have that v(·; θ, x) ∈ Lq(R+, X) ∩ L∞(R+, X) and v(0; θ, x) ∈ X q2 (θ).
By Propositions 4.1 and 4.2 and the inequality (∗) from the proof of Theorem 4.1 we have that there
exists K > 0 such that ‖v(t; θ, x)‖ Meω(K + 1), for all t  0. Thus
t0+1∫
t0
ds
‖Φ(θ, s)x‖
∥∥Φ(θ, t)x∥∥ Meω(K + 1), for all 0 t  t0.
Taking into account that ‖Φ(θ, s)x‖ = ‖Φ(σ (θ, t0), s − t0)Φ(θ, t0)‖  Meω‖Φ(θ, t0)x‖, it follows
that
1
Meω‖Φ(θ, t0)x‖ 
t0+1∫
t0
ds
‖Φ(θ, s)x‖ .
Therefore
∥∥Φ(θ, t)x∥∥ (K + 1)M2e2ω∥∥Φ(θ, t0)x∥∥, for all 0 t  t0.
Denoting by L = (K + 1)M2e2ω we have that ‖Φ(θ, t)x‖ L‖Φ(θ, t0)x‖, for all 0 t  t0.
Assume now that p  1 and take t0  0, δ > 0. Setting
gθ (t) = ϕ[t0,t0+δ](t)
Φ(θ, t)x
‖Φ(θ, t0 + δ)x‖
it follows that gθ ∈ Lp(R+, X), ‖gθ‖p  Lδ1/p , and
w(t; θ, x) = −
∞∫
t
ϕ[t0,t0+δ](s)
ds
‖Φ(θ, t0 + δ)x‖Φ(θ, t)x
= −Φ(θ, t)
(
−
∞∫
ϕ[t0,t0+δ](s)δ
‖Φ(θ, t0 + δ)x‖ xds
)
+
t∫
Φ
(
σ(θ, s), t − s)gθ (s)ds0 0
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
0, t > t0 + δ,
−(t0 + δ − t) Φ(θ, t)x‖Φ(θ, t0 + δ)x‖ , t0 < t  t0 + δ,
−δ Φ(θ, t)x‖Φ(θ, t0 + δ)x‖ , 0 t  t0.
Then w(·; θ, x) ∈ Lq(R+, X) ∩ L∞(R+, X) and w(0; θ, x) ∈ X q2 (θ). By Propositions 4.1 and 4.2 and
the inequality (∗) (from the proof of Theorem 4.1) we have that there exists K > 0 such that
‖w(t; θ, x)‖ (K + 1)MeωLδ1/p , for all t  0. It follows that
δ
∥∥Φ(θ, t0)x∥∥ (K + 1)MeωLδ1/p∥∥Φ(θ, t0 + δ)x∥∥,
for all t0  0. Thus we obtain that
δ
1− 1p ∥∥Φ(θ, t0)x∥∥ (K + 1)MeωL∥∥Φ(θ, t0 + δ)x∥∥, (∗∗)
for all t0  0, θ ∈ Θ and x ∈ X q2 (θ).
If p = 1 then we have
δ2
2
‖Φ(θ, t0)x‖
‖Φ(θ, t0 + δ)x‖ =
t0+δ∫
t0
(t0 + δ − s) ‖Φ(θ, t0)x‖‖Φ(θ, t0 + δ)x‖ ds
 L
t0+δ∫
t0
(t0 + δ − s) ‖Φ(θ, s)x‖‖Φ(θ, t0 + δ)x‖ ds = L
t0+δ∫
t0
∥∥w(s; θ, x)∥∥ds
 Lδ1−
1
q
∥∥w(·; θ, x)∥∥q  Lδ1− 1q K Lδ = K L2δ2− 1q .
Therefore
δ
1
q
∥∥Φ(θ, t0)x∥∥ 2K L2∥∥Φ(θ, t0 + δ)x∥∥, for all t0  0, δ > 0, x ∈ X q2 (θ).
If p = 1 then by the above inequality and Lemma 4.1, it follows that there exist N2, ν2 > 0 such
that
∥∥Φ(θ, t0)x∥∥ N2eν2t‖x‖,
for all t  0, θ ∈ Θ and x ∈ X q2 (θ). If p > 1 then by (∗∗) and Lemma 4.1 we also get the above
conclusion.
Take now x ∈ X q1 (θ), and hθ (t) = ϕ[0,1](t)Φ(θ, t)x (t  0). We have that hθ ∈ Lp(R+, X) and‖hθ‖p  Meω‖x‖. Also
u(t; θ,0,hθ ) =
t∫
0
Φ
(
σ(θ, τ ), t − τ ) fθ (τ )dτ =
t∫
0
ϕ[0,1](τ )dτ Φ(θ, t)x
=
{
tΦ(θ, t)x, 0 t < 1,
Φ(θ, t)x, t  1.
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the proof of Theorem 4.1 we have that
∥∥u(t; θ,0,hθ )∥∥ (K + 1)M2e2ω‖x‖,
for all t  0. Thus we obtain that ‖Φ(θ, t)x‖  (K + 1)M2e2ω‖x‖, for all t  1. Denoting by L′ =
M2e2ω(K + 1), it follows that ‖Φ(θ, t)x‖ L′‖x‖, for all t  0.
Assume now that p  1 and take δ > 0, t  0 and rθ (t) = ϕ[0,δ](t)Φ(θ, t)x. Then rθ ∈ Lp(R+, X)
and ‖rθ‖p  L′δ1/p‖x‖. Also
u(t; θ,0, rθ ) =
t∫
0
Φ
(
σ(θ, τ ), t − τ )gθ (τ )dτ =
t∫
0
ϕ[0,δ](τ )dτ Φ(θ, t)x
=
{
tΦ(θ, t)x, 0 t < δ,
δΦ(θ, t)x, t  δ.
Therefore u(·; θ,0, rθ ) ∈ Lq(R+, X)∩ L∞(R+, X) and∥∥u(t; θ,0, rθ )∥∥ (K + 1)MeωL′δ1/p‖x‖,
for all t  0. Thus we obtain that
δ
∥∥Φ(θ, δ)x∥∥ (K + 1)MeωL′δ1/p‖x‖, for all δ > 0, θ ∈ Θ.
Then ∥∥Φ(θ, t + δ)x∥∥= ∥∥Φ(σ(θ, t), δ)Φ(θ, t)x∥∥ (K + 1)MeωL′δ 1p −1∥∥Φ(θ, t)x∥∥, (∗∗∗)
for all t  0, δ > 0.
If p = 1 then we have
δ2
2
∥∥Φ(θ, δ)x∥∥=
δ∫
0
s
∥∥Φ(θ, δ)x∥∥ds L′
δ∫
0
s
∥∥Φ(θ, s)x∥∥ds
= L′
δ∫
0
∥∥u(s; θ,0, rθ )∥∥ds L′δ1− 1q ∥∥u(·; θ,0, rθ )∥∥q  K (L′)2δ2− 1q ‖x‖.
Therefore ∥∥Φ(θ, δ)x∥∥ 2K (L′)2δ− 1q ‖x‖, for all δ > 0, x ∈ X q1 (θ).
Moreover ∥∥Φ(θ, t + δ)x∥∥= ∥∥Φ(σ(θ, t), δ)Φ(θ, t)x∥∥ 2K (L′)2∥∥Φ(θ, t)x∥∥δ− 1q ,
for all t  0, δ > 0, x ∈ X q1 (θ). If p = 1 then by the above inequality and Lemma 4.2 we have that
there exist N1, ν1 > 0 such that
∥∥Φ(θ, t0)x∥∥ N1e−ν1t‖x‖,
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conclusion. The above inequality shows also that X q1 (θ) ⊂ X ∞1 (θ). To prove that X q1 (θ) ⊃ X ∞1 (θ) we
take randomly x ∈ X ∞1 (θ). Write now x = y + z, y ∈ X q1 (θ), z ∈ X q2 (θ) and assume for a contradiction
that z = 0. Then by the norm continuity we have that
∥∥Φ(θ, t)x∥∥ ∥∥Φ(θ, t)z∥∥− ∥∥Φ(θ, t)y∥∥ N2eν2t‖z‖ − N1eν1t‖y‖ → ∞, t → ∞,
which is obvious a contradiction and therefore the proof is complete. 
Remark 4.5. The last part of the proof of the above theorem shows that if there exist p,q ∈ [1,∞],
(p,q) = (1,∞), such that (Lp(R+, X), Lq(R+, X)) is uniformly admissible to an exponentially
bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) then
X q1 (θ) = X ∞1 (θ) =
{
x ∈ X: Φ(θ, ·) ∈ L∞(R+, X)
}
.
Remark 4.6. The reader will ﬁnd a pretty large number of papers on the topic regarding the con-
nection between admissibility and exponential dichotomy. The milestone of this subject is the Perron’s
paper (see [23]) from 30’s, where he establishes for the ﬁrst time an equivalence between the con-
dition that the non-homogeneous equation has some bounded solution for every bounded “second
member” on the one hand and a certain form of conditional stability of the solutions of the homoge-
neous equation on the other.
This concept was called “admissibility” (or the “test function method” or “Perron’s method”) and
it was extended in the more general framework of inﬁnite-dimensional Banach spaces by J.L. Daleckij
and M.G. Krein [6], J.L. Massera and J.J. Schäffer [14], and more recently by Nguyen van Minh,
F. Räbiger and R. Schnaubelt [18]. For more details, we also refer the reader to [26–29] and refer-
ences therein.
Latest, it is known the equivalence between the admissibility of the pair (Lp(R+, X), Lp(R+, X)),
1 p ∞, and the exponential dichotomy of a two-parameter evolution family {U (t, t0)}tt00 when
we assume a priori that there exists a family of projectors {P (t)}t∈R+ such that
• U (t, t0)P (t0) = P (t)U (t, t0), for all t  t0  0;
• U (t, t0) : Ker P (t0) → Ker P (t) is an isomorphism, for all t  t0  0.
The above equivalence has been proved by Nguyen van Minh, F. Räbiger and R. Schnaubelt in [18]
by associating the evolution semigroup on Lp(R+, X). Also, a direct proof (i.e. by choosing the ap-
propriate “test functions”) was obtained in [27, Theorem 3.9]. For related results we refer the reader
to [28,29]. Theorem 4.2 extends the above results in two directions. First, we consider the case of
an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t∈R+ over a continuous semiﬂow
σ which extends the classical notion of a two-parameter evolution family (see Example 3.4). Also,
most important is that we do not assume a priori that the family of projectors {P (θ)}θ∈Θ satisﬁes the
restrictive requirements:
• Φ(θ, t)P (θ) = P (σ (θ, t))Φ(θ, t), for all (θ, t) ∈ Θ ×R+;
• Φ(θ, t) : Ker P (θ) → Ker P (σ (θ, t)) is an isomorphism, for each (θ, t) ∈ Θ ×R+;
and still we succeed to prove that if there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that the pair
(Lp(R+, X), Lq(R+, X)) is uniformly admissible to {Φ(θ, t)}θ∈Θ, t0 then {Φ(θ, t)}θ∈Θ, t0 has no past
exponential dichotomy. Moreover, the ﬁber X q1 (θ) (which induces the no past exponential dichotomy)
is always the same ﬁber X ∞1 (θ) (see Remark 4.5 above). It is worth to mention also the result from
Theorem 4.1, that is if we assume in addition the invariance property (i.e. condition i) in Deﬁni-
tion 4.2) then the above admissibility condition implies the invertibility of the operators Φ(θ, t) on
the unstable ﬁber (i.e. the complement of X ∞1 (θ)). Thus we can conclude with the following schema:
594 C. Preda / J. Differential Equations 249 (2010) 578–598• (Lp(R+, X), Lq(R+, X)) uniform admissibility (for some p,q ∈ [1,∞], (p,q) = (1,∞)) ⇒ no past
exponential dichotomy;
• (Lp(R+, X), Lq(R+, X)) uniform admissibility (for some p,q ∈ [1,∞], (p,q) = (1,∞)) + invari-
ance property ⇒ exponential dichotomy;
• exponential dichotomy → (Lp(R+, X), Lq(R+, X)) − uniform admissibility, for any 1  p 
q∞, (p,q) = (1,∞).
Remark 4.7. It is worth to note that so far, it has been mostly analyzed the asymptotic behavior of
exponentially bounded, strongly continuous cocycles over ﬂows. Results in this direction are focused
on the characterization of exponential dichotomy of an exponentially bounded, strongly continuous
cocycles over a ﬂow in terms of Sacker–Sell spectral properties (see [33]) or the hyperbolicity of the
associated evolution semigroups and their generators [13]. In particular, a characterization of expo-
nential dichotomy for cocycles over ﬂows was given in [33] assuming the dimension of the unstable
manifold to be ﬁnite. Meanwhile, in [13] a characterization is given through the hyperbolicity of
the associated evolution semigroup and its generator. Another characterization in [3] uses a discrete
cocycle over a discretized ﬂow. In this paper we made an attempt to characterize the exponential di-
chotomy in a more general setting and we did consider an exponentially bounded, strongly continuous
cocycles over a semiﬂow, i.e., there is only a semiﬂow on the base space. This setting is particularly
appropriate in the inﬁnite-dimensional case since in this case the dynamical systems restricted to in-
variant manifolds are only semiﬂows in general. It is also worth to note the approach in [19] where it
is analyzed the existence of the exponential dichotomy of linear skew-product semiﬂows over semi-
ﬂows by using the properties of the operators generated by the integral equation related to strongly
continuous cocycles over metric spaces acting on Banach bundles.
Theorem 4.3. If the pair (L1(R+, X), L∞(R+, X)) is uniformly admissible to an exponentially bounded,
strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semiﬂow {σ(θ, t)}θ∈Θ, t0) then {Φ(θ, t)}θ∈Θ, t0 has
an ordinary dichotomy, i.e. there exist constants N1 > 0,N2 > 0 such that the following conditions hold:
i) ‖Φ(θ, t)x‖ N1‖Φ(θ, t0)x‖, for all t  t0  0, θ ∈ Θ and x ∈ X ∞1 (θ);
ii) ‖Φ(θ, t)x‖ N2‖Φ(θ, t0)x‖, for all t  t0  0, θ ∈ Θ and x ∈ X ∞2 (θ).
Proof. Taking t0  0, x ∈ X ∞2 (θ), x = 0, and
f (t) = ϕ[t0,t0+1](t)
Φ(θ, t)x
‖Φ(θ, t)x‖ , t  0,
it follows analogously (as in the proof of Theorem 4.2) that
∥∥Φ(θ, t)x∥∥ (K + 1)M2e2ω∥∥Φ(θ, t0)x∥∥, for all 0 t  t0,
which provide the constant N2 > 0.
Also, by taking x ∈ X ∞1 (θ), t  0, and hθ (t) = ϕ[0,1](t)Φ(θ, t)x we obtain similarly (as in the proof
of Theorem 4.2) that
∥∥Φ(θ, t)x∥∥ (K + 1)M2e2ω‖x‖, for all t  0, x ∈ X ∞1 (θ),
which provide the constant N1 > 0. 
Theorem 4.4. Assume that there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that (Lp(R+, X), Lq(R+, X)) is
uniformly admissible to an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semi-
ﬂow {σ(θ, t)}θ∈Θ, t0). If Φ(θ, t)P∞1 (θ) = P∞1 (σ (θ, t))Φ(θ, t) then
C. Preda / J. Differential Equations 249 (2010) 578–598 595Φ(θ, t) : Ker P∞1 (θ) → Ker P∞1
(
σ(θ, t)
)
is invertible for all (θ, t) ∈ Θ ×R+ .
Proof. Let (θ, t0) ∈ Θ × R+ and x ∈ Ker P∞1 (θ) such that Φ(θ, t0)x = 0. From Theorem 4.2 it follows
that there exist N2, ν2 > 0 with the property that ‖Φ(θ, t0)x‖ N2eν2t0‖x‖. Thus we obtain that x = 0
and from here it follows that Φ(θ, t0) is one-to-one when the domain is restricted to Ker P∞1 (θ).
Take now y ∈ Ker P∞1 (σ (θ, t0)), and set
fθ (t) =
⎧⎨
⎩
0, t ∈ [0, t0],
−Φ(σ(θ, t0), t − t0)y, t ∈ (t0, t0 + 1],
0, t > t0 + 1.
Since ‖ fθ (t)‖  Meω‖y‖ϕ[t0,t0+1](t), for each t  0, it follows that fθ ∈ Lp(R+, X) and ‖ fθ‖p 
Meω‖y‖. Thus there exists a unique x ∈ Ker P∞1 (θ) such that
u(t; θ, x, fθ ) = Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, τ ), t − τ ) fθ (τ )dτ
= Φ(θ, t)x+
⎧⎨
⎩
0, t ∈ [0, t0],
−(t − t0)Φ(σ (θ, t0), t − t0)y, t ∈ (t0, t0 + 1],
−Φ(σ(θ, t0), t − t0)y, t > t0 + 1,
belongs to Lq(R+, X). By Theorem 4.1 we have that u(·; θ, x, fθ ) ∈ L∞(R+, X). If we choose t  t0 + 1
we have that
u(t; θ, x, fθ ) = Φ(θ, t)x− Φ
(
σ(θ, t0), t − t0
)
y.
Thus it follows that
∥∥u(t; θ, x, fθ )∥∥= ∥∥Φ(θ, t)x− Φ(σ(θ, t0), t − t0)y∥∥
= ∥∥Φ(σ(θ, t0), t − t0)Φ(θ, t0)x− Φ(σ(θ, t0), t − t0)y∥∥
= ∥∥Φ(σ(θ, t0), t − t0)(Φ(θ, t0)x− y)∥∥
 N2eν2(t−t0)
∥∥Φ(θ, t0)x− y∥∥,
for all t  t0+1. Since u(·; θ, x, fθ ) is bounded, we have that Φ(θ, t0)x = y. Thus Φ(θ, t) : Ker P∞1 (θ) →
Ker P∞1 (σ (θ, t)) is also onto. 
Corollary 4.1. Assume that there exist p,q ∈ [1,∞], (p,q) = (1,∞), such that (Lp(R+, X), Lq(R+, X)) is
uniformly admissible to an exponentially bounded, strongly continuous cocycle {Φ(θ, t)}θ∈Θ, t0 (over a semi-
ﬂow {σ(θ, t)}θ∈Θ, t0). If Φ(θ, t)P∞1 (θ) = P∞1 (σ (θ, t))Φ(θ, t) then {Φ(θ, t)}θ∈Θ, t0 has an exponential
dichotomy.
Proof. It follows from Theorem 4.2 and Theorem 4.1. 
596 C. Preda / J. Differential Equations 249 (2010) 578–598Theorem 4.5. Let {Φ(θ, t)}θ∈Θ, t0 be an exponentially bounded, strongly continuous cocycle (over a
semiﬂow {σ(θ, t)}θ∈Θ, t0). If {Φ(θ, t)}θ∈Θ, t0 has an exponential dichotomy such that the correspond-
ing projector-valued function is strongly continuous (i.e. P1(·)x is continuous for each x ∈ X ) then the
pair (Lp(R+, X), Lq(R+, X)) is uniformly admissible to {Φ(θ, t)}θ∈Θ, t0 , for any 1  p  q  ∞,
(p,q) = (1,∞).
Proof. Let f ∈ Lp(R+, X) and set
v(t; θ, f ) =
t∫
0
Φ
(
σ(θ, τ ), t − τ )P1(σ(θ, τ )) f (τ )dτ
−
∞∫
t
Φ−1
(
σ(θ, t), τ − t)P2(σ(θ, τ )) f (τ )dτ .
Denoting by x = v(0; θ, f ) = − ∫∞0 Φ−1(θ, τ )P2(σ (θ, τ )) f (τ )dτ we have that
Φ(θ, t)x+
t∫
0
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
=
t∫
0
Φ
(
σ(θ, τ ), t − τ )P2(σ(θ, τ )) f (τ )dτ −
∞∫
t
Φ−1
(
σ(θ, t), τ − t)P2(σ(θ, τ )) f (τ )dτ
+
t∫
0
Φ
(
σ(θ, τ ), t − τ ) f (τ )dτ
=
t∫
0
Φ
(
σ(θ, τ ), t − τ )P1(σ(θ, τ )) f (τ )dτ −
∞∫
t
Φ−1
(
σ(θ, t), τ − t)P2(σ(θ, τ )) f (τ )dτ
= u(t; θ, x, f ).
It can bee seen that x ∈ Ker P1(θ) and by [12, Theorem 6.4, p. 477], it follows that u(·; θ, x, f ) belongs
to Lq(R+, X). 
Theorem4.6. Let {Φ(θ, t)}θ∈Θ, t0 be an exponentially bounded, strongly continuous cocycle (over a semiﬂow
{σ(θ, t)}θ∈Θ, t0) and assume that there exists {P1(θ)}θ∈Θ a family of projectors with the properties:
• Φ(θ, t)P1(θ) = P1(σ (θ, t))Φ(θ, t), for all (θ, t) ∈ Θ ×R+;
• P1(·)x is continuous for each x ∈ X .
Then {Φ(θ, t)}θ∈Θ, t0 has an exponential dichotomy if and only if one of the following statements is true:
i) There exist 1 p  q ∞, (p,q) = (1,∞), such that (Lp(R+, X), Lq(R+, X)) is uniformly admissible
to {Φ(θ, t)}θ∈Θ, t0;
ii) (Lp(R+, X), Lq(R+, X)) is uniformly admissible to {Φ(θ, t)}θ∈Θ, t0, for any 1 p  q ∞, (p,q) =
(1,∞).
Proof. It follows easily from the above theorems. 
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